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We study numerically the collective dynamics of self-rotating non-aligning particles by considering
a monolayer of spheres driven by constant clockwise or counterclockwise torques. We show that
hydrodynamic interactions alter the emergence of large-scale dynamical patterns compared to those
observed in dry systems. In dilute suspensions, the flow stirred by the rotors induces clustering
of opposite-spin rotors, while at higher densities same-spin rotors phase separate. Above a critical
rotor density, dynamic hexagonal crystals form. Our findings underscore the importance of inclusion
of the many-body, long-range hydrodynamic interactions in predicting the phase behavior of active
particles.
PACS numbers: 47.57.E-,47.63.mf, 83.10.Tv, 64.75.Xc
Systems of motile and interacting units can exhibit
non-equilibrium phenomena such as self-organization and
directed motion at large scales [1]. Theoretical studies of
active matter report clustering [2], phase separations [3–
5] and rotating structures [6]. Some of these phenomena
have been observed in experiments of bacterial suspen-
sions [7] or chemically-activated motile colloids [8].
The collective motion of translating units such as bac-
teria has received much interest [1]. On the other hand,
little is known about spinning units, partly because such
systems were realized experimentally only recently. Ac-
tive rotation of particles can be achieved using exter-
nal forcing such as rotating magnetic fields [9, 10], uni-
form electric fields (the Quincke rotation effect) [11] or
chemical reactions [12]. Self-assembly from polymers by
motile bacteria can create micro-rotors [13]. In biologi-
cal systems, the dancing volvox [14], uniflagellar algae C.
reinhardtii [15] and bacteria T. majus [16] exhibit rotor-
like behaviors. Rising interest in rotor systems generated
theoretical studies exploring rotor pair dynamics [17, 18],
non-equilibrium structure formation [19], dynamics at in-
terfaces [20, 21], rheology of suspensions [22, 23], and
phase separation driven by active rotation [24, 25].
Models of the collective behavior of active matter
often neglect particle motion due to the flow stirred
by the other particles [4, 5, 24, 26], tacitly assuming
that the observed phase behavior of the “dry” system
would persist in a system with fluid motion. However
in the viscosity-dominated world of colloidal-size parti-
cles, hydrodynamic interaction generates a long-range
correlation, which can play an important role in the
self-organization in many-body systems [27–29]. For ex-
ample, in the studies of micro-swimmers, it was found
that the hydrodynamic interactions determine the col-
lective motion of squirmers (self-propelled spheres with
no aligning interaction) [30] and the recently observed
self-organization of bacteria into a macro-scale bidirec-
tional vortex when confined inside a drop [31] can only
be explained by accounting for the fluid-mediated inter-
actions [32]. It is the hydrodynamic interactions that
cause two point rotors spinning in the opposite direction
FIG. 1: (Color online) The ratio of the translational kinetic
energy to the total kinetic energy κ = Etke/Etot as a function of
rotor density φ. The insets are snapshots of simulations (50-50
mixture of clockwise(blue)–counter-clockwise(red) spinning rotors)
with total density (a) φ=0.20, (b) 0.40, (c) 0.50, and (d) 0.54.
Movies are available in the supplementary material [35].
to translate [18] or undergo complex motions [33], instead
of remaining fixed in space [24]. While the importance of
hydrodynamic interactions in micro-swimmers (linearly
propelled units) has been appreciated, large and dense
populations of rotors have not been studied and the ro-
bustness of observed phase behavior in the dry spinner
system [24] remains an open question.
In this Letter, we show that the hydrodynamic interac-
tions between self-rotating non-aligning sphere particles
have profound effects on self-organization. We consider
monolayer suspensions of spherical rotors with clock- and
counterclockwise spins suspended in liquid in a 3D do-
main [35]. At low densities, Figure 1a, a gas-like phase is
observed with the rotors moving randomly in the stirred
fluid. In contrast, in a dry system the spinners remain
fixed in place (the frozen state in [24]). As the particle
density further increases, a phase-separated fluid state
emerges (Figure 1bc) with large clusters of same-spin ro-
tors manifesting as lanes or macroscopic vortical struc-
tures. Past a critical particle density dynamic crystals
composed of both types of rotors emerge, Figure 1d.
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2Particle motions.– We consider micro-rotors whose size
is such that inertia is negligible (overdamped or Stokes
flow regime), under the assumption of strong convection
by the fluid flow. A rotor centered at xi with radius a
subjected to a torque T generates a rotlet disturbance
fluid flow uR(x,xi) = T× (x− xi)a3/|x− xi|3 with ve-
locity decaying slowly with the distance from the rotor as
∼ 1/r2. The flow stirred by each rotor drags other rotors
into motion. This is the essence of hydrodynamic inter-
actions - a particle translates and rotates in response to
the fluid flow generated by the motion of another particle.
The rotors’ positions and rotations evolve as [35]
dxi
dt
=
∑
j 6=i
[
uR(xi,xj) +O(
a7
r7
)
]
+
∑
j 6=i
FSij
Ωi = Ω0i +
1
2
∇× uR +O(a
8
r8
).
(1)
FSij are (purely repulsive) steric or excluded volume in-
teractions between the particles. Ω0 = |T|/8piµa3 is the
rotation rate of an isolated rotor. Noise is neglected in
Eq.1, under the assumption of strong convection by the
fluid flow a2Ω0/Dp  1 (Dp is the particle diffusivity);
for colloidal rotors of radius 1µm suspended in water this
condition is met if Ω0 > 0.01 s
−1, which is well below ex-
perimentally observed values [12].
In dilute suspensions, where rotors are widely sep-
arated, the collectively-generated fluid flows are well-
described by a superposition of the rotlet flows. However
in dense suspensions the full hydrodynamic interactions
and the inclusion of closer-range lubrication flows become
complicated to resolve analytically and require the use of
sophisticated numerical methods.
The full hydrodynamic interactions between the rotors
are computed using the force-coupling method. The long-
range multi-body interactions are fully resolved by solv-
ing the Stokes equations with regularized low-order mul-
tipoles, while the short-range lubrication interactions are
included from analytical solutions [40].The force-coupling
method has been successfully applied to study suspension
flows [41, 42]. For a description of the numerical method
see the supplemental material [35] and references therein.
The numerical simulations of the monolayer suspen-
sions are performed in a computational domain of Hx ×
Hy × Hz = 80a × 20a × 80a, in which a is the parti-
cle radius and y denotes the direction in which torques
are applied. Periodic boundary conditions are used in
the x and z directions. The particle monolayer is lo-
cated at y = 0 and the computational box is bounded
by rigid walls located at y = ±Hy/2. The vertical sep-
aration is chosen big enough to guarantee that the wall
boundary does not affect the monolayer dynamics. Note
that the rotors remain in the monolayer because the flow
generated by their self-rotation does not induce particle
translation in a direction normal to the monolayer [34].
We consider a 50:50 mixture of opposite-spin rotors
with total volume fraction varying from φ = 0.1 to 0.56.
For the monolayer suspension, the volume fraction is de-
FIG. 2: (Color online) (a) MSDs for φ = 0.2 (×), 0.4 (), 0.5
(•), 0.56 (◦). Representative trajectories for (b) φ = 0.40, (c) 0.50.
The red and black lines refer to trajectories of different rotors.
fined as φ = ( 43pia
3)Np/(Hx×Hz×2a), in which Np is the
number of the rotors The number of the suspended ro-
tors varies from Np = 306 at φ = 0.1 to Np = 1, 712
at φ = 0.56. To model the active rotation, external
torques are applied to the rotors in the y direction. The
magnitude of the external torque is normalized by the
fluid viscosity µ0 and the reference angular velocity Ω0,
T ∗ = T/8piµΩ0a3 = ±1. All of the simulations start
from initial random configurations, generated by a molec-
ular dynamics procedure. The dynamics are studied after
the suspensions reach stationary states, typically about
t ' O(104) from the initial random state (time is non-
dimensionalized by Ω0).
Hydrodynamic interactions and rotors translation.–
Since dynamics here is overdamped and not noisy, the
system behavior is controlled by only one parameter, the
rotor density φ. To assess the effect of the hydrody-
namic interactions, we examine the conversion to trans-
lational kinetic energy (Etke) of the rotational kinetic
energy (Erke) supplied to the suspension by the applied
torque as rotor density increases. In the absence of hy-
drodynamic interactions, the rotors will remain fixed in
space until random close packing is reached (φrcp ∼0.56)
[43]. The flow generated by the rotating spheres moves
them around and hinders their spinning [35]. Accord-
ingly, the translational kinetic energy is expected to in-
crease with particle density. However, Figure 1 shows
that the energy balance at steady state κ = Etke/Etot,
where Etot = Erke+Etke, depends non-monotonically on
the rotor density.
Initially, as the particle separation decreases with φ,
the hydrodynamic interactions become stronger thereby
increasing κ. In contrast to the dry 2D gear-rotor
system in which κ remains smaller than 2/3 [24], the
equilibrium value set by equipartition, κ here becomes
larger than 2/3 for φ = 0.40 and 0.50 as the suspensions
phase-separate. In the phase-separated fluid regime, the
suspensions develop large-scale collective motions, which
contribute to the increase of Etke. As the system ap-
proaches random close packing, κ peaks at φ ' 0.50 and
3decreases sharply afterwards, indicating a possible phase
transition and change in the suspension microstructure.
The κ-peak occurs prior to random close packing due to
lubrication effects: the strong hydrodynamic resistance
generated by the flow in the thin gap between particles
effectively locks the rotors together leading to coherent
motion.
The changes in suspension structure are also suggested
by the behavior of the mean-squared rotors displacement
MSD = 〈|xi(t) − xi(0)|2〉/a2, shown in Figure 2a. Hy-
drodynamic interactions give rise to random rotor mo-
tion, which in the short-time limit exhibits the typical
ballistic ∼ t2 behavior. However, at intermediate times
100 < t < 1000, MSD changes from diffusion ∼ t at
φ = 0.2 to superdiffusion at φ = 0.4 and 0.5. At short
timescale, MSDs for φ = 0.4 and 0.5 are almost the
same, as both systems are in the phase-separated fluid
states. In the long-time limit, however, MSD depends on
the large-scale collective motion. For t > 50, MSD for
φ = 0.4 grows at a much faster rate than φ = 0.5. The
superdiffusivity is due to Le´vy flights of the rotors [44]
seen in Figure 2bc. The trajectories show that at φ = 0.4
individual rotors move longer distances and circulate less
in the macroscopic vortices compared to φ = 0.5. At
φ = 0.56 the MSD is dramatically reduced due to crystal
formation. Unlike to the dry gear-like rotor system [24],
caging is not obvious in the MSD.
Spin Segregation.– In the range of densities below the
sharp drop in κ (i.e., φ ≤ 0.5), the rotors form dy-
namic assemblies [35] which in Figure 1bc are indicated
as “phase-separated fluid”. To quantify this tendency to
cooperative motion we compute the number densities of
the opposite-spin and same-spin rotors within distance r
λ±(r) =
〈
1
N
N∑
i=1
{∑N
j=1,j 6=iH(r − |dij |)δ(Ti ± Tj)
npir2(2a)
}〉
.
H(x) is the Heaviside function, δ(x) is the Dirac measure,
N is the number of the suspended rotors, |dij | is the
distance between the i−th and j−th rotors, and n is the
number density. λ± are related to the pair distribution
functions, gAA(r) and gAB(r) as λ
−(r) ∼ ∫ (gAA) rdr
and λ+(r) ∼ ∫ (gAB) rdr; it can be interpreted as the
average number of coherently moving neighbors [45].
Figure 3a illustrates λ± for φ = 0.5. λ−(r) exceeds
λ+(r) at small separations r implying clustering of the
same-spin rotors. In the far field (r > 30a), eventu-
ally the number densities of the same- and opposite-
spin rotors become the same. The average cluster
size can be characterized by the lengthscale over which
the correlations between the rotors die out, L(t) =∫
r (λ− − λ+) dr/ ∫ (λ− − λ+) dr. Figure 3a shows that
L grows as ∼ t1/3, which eventually saturates to the value
shown in the inset of Figure 3b (17.4 in this case). The
exponent of 1/3 is surprising as it is usually associated
with coarsening dynamics in the absence of hydrodynam-
ics. Hydrodynamic interactions are however known to
give rise to diffusive behavior in suspension flows [46–48].
FIG. 3: (Color online) (a) Normalized partial number density of
same-spin (λ−; ◦) and opposite-spin (λ+; ×) rotors for φ = 0.5
at steady state. Insets illustrate co- and counter-rotating particles
and their joint rotation or translation. The inset shows a ∼ t1/3
growth of the lengthscale from the initial random configuration.
(b) Average density difference between coherently moving same-
spin and opposite-spin rotors, λ− − λ+), for φ = 0.1 (), 0.2 (◦),
0.3 (4), 0.4 (+), 0.5 (×), 0.54 (3), and 0.56 (∇). The inset shows
the final integrated lengthscale L as a function of φ.
A more careful examination of the clustering shows
that, in dilute suspensions (φ ≤ 0.2), rotors of opposite-
spin tend to pair-up. Figure 3b shows that the difference
between λ− and λ+ reverses sign, indicating clustering of
same-spin rotors, as the density increases above φ ∼ 0.2.
The change of microstructure occurs because while at low
densities the separation between rotors is large thereby
allowing rotors to explore more space by translation (a
pair of opposite spin rotors translates [35]), at higher
densities assemblies that are less obstructing to the
motion of other rotors are preferred (a pair of same spin
rotors orbits around each other [35]). At φ = 0.4 and 0.5,
where complete separation occurs, λ− − λ+ are almost
identical for r > 5a. As φ increases further, φ ≥ 0.54,
λ− − λ+ becomes close to zero, suggesting there is no or
very weak preferential aggregation of the rotors. In the
inset, L is shown as a function of φ. Spin segregation
is captured by the integrated length-scale which in-
creases sharply at φ = 0.2 and drops rapidly for φ ≥ 0.54.
4FIG. 4: (Color online) (a) Crystal structures formed in a sus-
pension at φ = 0.56. The black and red circles denote the rotors
rotating clockwise and counter-clockwise respectively. Note that
for clarity only the rotors in crystals are shown. (b) Hexagonal
bond-orientational order parameter ζ6 as a function of φ. (c) Sam-
ple trajectories for t = 0 ∼ 600 for φ = 0.56. (d) MSDs of the
rotors initially in crystal (•) and in fluid regions (×).
Crystals.– At high density, rotors form crystals of
hexagonal symmetry, see Figure 4.a. The crystals are
composed of rotors of either spin, and no spin segrega-
tion is observed for the duration of the simulations. The
fraction of the crystal phase increases with density, and
at φ = 0.56 the crystal structure occupies roughly half of
the computational domain. The formation of the crys-
tals is tracked by an order parameter, 0 ≤ ζ6 ≤ 1, which
measures the average sixfold bond orientational order of
the rotors;
ζ6 =
〈
1
N
∑N
i
(
1
Nb
∑Nb
j e
6θij i
)〉
.
θij is the azimuthal angle of dij and Nb is the number of
the neighboring rotors (|dij | < 2.05a). ζ6 is zero for an
isotropic system and one for a perfect hexagonal crystal.
Figure 4b shows that ζ6 is almost zero up to φ = 0.5
and increases rapidly from φ ' 0.54, which corresponds
where the sudden drop of κ occurs (see Figure 1).
Interestingly, even in the presence of crystals the rotors
exhibit superdiffusive behavior with an exponent ∼ t1.2
at the intermediate timescale, see Figure 2a. Figure
4c illustrates trajectories of 170 randomly selected ro-
tors. Particle mobility is much lower in the crystal region
than in the fluid region: even though the trajectories are
shown for a relatively long period t = 0 ∼ 600, rotors lo-
cated in a crystal move only very short distance, usually
less than a particle diameter, while rotors in the fluid re-
gion travel considerably longer distance (> 15a). The dif-
ference in mobilities is also evident from Figure 4d, which
compares the MSDs for the rotors initially in a crystal
and in a fluid region. MSD for the rotors in a crystal
grows very rapidly ∼ t2.3 for t > 400. The rapid growth
of MSD seems related to structural re-arrangements, i.e.,
large-scale motions of crystal and escape of the rotors in
the crystal to the fluid region. Note that the crystal
structure dynamically melts, re-assembles, and moves,
see movies in [35].
Conclusions and outlook.– Suspensions of active par-
ticles exhibit complex phase behavior [1] and self-
translating particles have attracted extensive studies
[3, 4, 30, 45]. Here we show that self-rotating particles
are driven by hydrodynamic interactions into mobile clus-
ters and crystals even in the absence of self-propulsion or
ambient flows. The resulting collective dynamics is very
different from that observed in a dry system [24].
The effect of the hydrodynamic interactions is assessed
by observing the conversion rate of the rotational to the
translational kinetic energies (κ). κ initially increases
with the rotor density, and eventually exhibits a sudden
drop at φ ' 0.54. For φ ≥ 0.54, the active rotors start
to form crystal structures, which are responsible for the
sudden drop of κ. In contrast, the dry, no-noise system
of gear-like rotors [24] exhibits κ = 0 (in the frozen state)
followed by monotonic increase of κ above a critical den-
sity φc corresponding to about 0.5 in our notation.We
found that the opposite-spin rotors tend to stay close at
low φ, whereas for φ > 0.2 separation into fluid phases of
same-spin rotors occurs. All of these suggest that multi-
body hydrodynamic interactions play a significant role
in the collective dynamics and phase behavior of sus-
pensions of active rotors and these effects should not be
neglected in studies of similar active systems. For exam-
ple, hydrodynamic interactions could influence or drive
the formation of the peculiar dynamical structures ex-
perimentally observed at the interface of drops covered
with colloidal particles [49, 50].
In this Letter we considered only torques that are per-
pendicular to the particle monolayer. Due to the symme-
try of the generated flows, the particles remain confined
to the monolayer and do not move transversely. In ex-
perimental systems, for example Quincke rotors [51, 52],
it is not the case that torques stay in one direction or
even constant, as the particle rotation is dependent on
the full electro-hydrodynamics. Although restricting the
rotational motion to one direction in experiments is chal-
lenging, it is not impossible and our study suggests po-
tentially intriguing experiments. Another problem that
remains relatively unexplored is that of using spinners
and rotors for transport and mixture of passive particles
[24]. Finally, this work with rotor-monopoles serves as
a solid basis to treat rotor-dipoles, which are commonly
encountered in biology, e.g., swimming bacteria with ro-
tating flagella or a cytoskeletal torque dipole consisting
of two actin filaments and myosin motors [53].
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Appendix A: Movies
Movies phi20, phi40, phi50, and phi56 illustrate the
long-time suspension dynamics corresponding to Figure
5a-c, and Figure 4.a. Movie phi50 transient shows the
phase separation and the growth of the cluster scale L
from the random initial configuration 0 < t < 2740.
The duration of the movies is 1000 for phi20, phi40, and
phi50, and 3500 for phi56
Appendix B: Three-dimensional nature of the
monolayer dynamics
The monolayer is embedded in a 3D fluid. The flows in
the surrounding fluid (above and below the monolayer)
are unobstructed and hence long ranged, as illustrated
in Fig. 6. The hydrodynamic interactions mediated by
these flows engender three-dimensionally in our system,
which is masked by the fact that the spheres remain in
the monolayer.
The spheres do not leave the monolayer since the flow
generated by their self-rotation does not induce sphere
translation in a direction perpendicular to the monolayer.
In contrast to [30], we do not need walls to confine the
particle motion to a plane. Accordingly, characterizing
our system as quasi-2D may be misleading.
Appendix C: Hydrodynamic interactions of two
rotors
A particle in the fluid moves in response to a force
acting on it (e.g., buoyancy) and the hydrodynamic drag
due to the flow created by the other moving particles.
Because the flow about a microparticle is in the Stokes
(overdamped) regime, the translational velocity and rota-
tion rate of the particles are linearly related to the forces
and torques exerted by the fluid on the particles via the
mobility matrix [36, 37] (note that the force/torque ex-
erted by the fluid on the particle has the opposite sign of
the force/torque exerted by the particle on the fluid)(
v∞ −Up
w∞ −Wp
)
=
(
a b˜
b c
)(
µ−1F
µ−1T
)
(C1)
v∞ and w∞ are the velocity and rotation rate of applied
flow, and µ is the viscosity of the suspending fluid.
It is instructive to precede the detailed computational
treatment of many rotors with an outline of the pair-wise
hydrodynamic interactions, which would provide some
intuition about the hydrodynamic effects.
In the case of two force–free (e.g., neutrally–buoyant)
particles each subjected to a constant torque, Tn (n =
1, 2), in the absence of background flow (initially quies-
cent fluid), v∞ = w∞ = 0 the translational and angular
velocities of particlen are
−µUn = b˜n1 ·T1 + b˜n2 ·T2 (C2)
−µWn = cn1 ·T1 + cn2 ·T2 (C3)
Following Kim and Karrila’s notation, let us use α, β to
denote the particles and i, j, k to denote the x, y, z com-
ponents. A unit vector d points along the axis connecting
the particles,
d = rˆ12 (C4)
and the center-to-center distance is r.
The mobility tensors are listed in [36]. From symmetry
b˜
(βα)
ji = b
(αβ)
ij .
b
(αβ)
ij = y
b
αβijkdk (C5)
c
(αβ)
ij = x
c
αβdidj + y
c
αβ (δij − didj) (C6)
1. Rotor translation
The translational velocities of the rotors n = 1, 2 are
−µUn = yb1nd×T1 + yb2nd×T2 . (C7)
Thus, the relative velocity r˙12 = U = U
1 −U2 is
r˙12 = U = −µ−1
(
yb11 − yb12
)
rˆ12 ×
(
T1 + T2
)
. (C8)
The rotors separation remains the same if the center-to-
center axis is perpendicular to the axis of rotation.
The motion of the center of the mass r˙cm =
1
2 (U1+U2)
is given by
r˙cm = Ucm = −µ−1 1
2
(
yb11 − yb12
)
rˆ12 ×
(
T1 −T2) .
(C9)
Let us consider spherical rotors spinning around the x-
axis, T1 = ε−1T2 = −τ yˆ
r˙cm =
1
2
A(r)(1− ε)rˆ12 × yˆ r˙12 = A(r)(1 + ε)rˆ12 × yˆ
(C10)
where
A(r) =
τ
8pia2µ
(a
r
)2(
1− 13
2
(a
r
)5
+ ...
)
(C11)
Hence, if the rotors are of opposite spin ε = −1 they
undergo net translational motion while their separation
remains constant. In the case of co-rotating rotors ε =
+1 the two rotors orbit each other (see Fig. 7).
7FIG. 5: At φ = 0.56 a well mixed state of rotors with randomly distributed spins remains well-mixed. The figure shows
the TKE (translational kinetic energy) history from two different initial configurations and confirms that in this case no spin
segregation occurs and that the system is equilibrated.
FIG. 6: (a) 3D view of the monolayer and the computational domain. (b)Magnitude of the fluid velocity along the direction
normal to the monolayer. The velocity decays to zero at distance about 10 rotor radii from the monolayer, which shows that
the flow generated by the spinning rotors is long-ranged.
a) b)
FIG. 7: (Color online) (a) A pair of same-spin rotors circu-
lates around their center of mass. (b) A pair of opposite-spin
rotors self-propels in the direction perpendicular to their sep-
aration. The blue arrows show the fluid flow, the red lines
show the rotors trajectories. Figure taken with permission
from [33].
We have utilized the expressions from [36, 37]:
yb11 =
1
4pia2
(
f7
( a
2r
)7
+ ..
)
(C12)
yb12 =
1
4pia2
(
f0 + f2
( a
2r
)2
+ ..
)
(C13)
where f0 = 0 , f2 = −2 and f7 = 160 + 48 = 208.
2. Modification in rotation rate
An isolated rotor subject to torque T rotates with ro-
tation rate Ω0 = T/(8piµa
3). The flow produced by other
rotors modifies the rotor angular velocity.
Considering the two rotors, n = 1, 2, spinning around
the x-axis due to applied torques T1 = ε−1T2 = −τ yˆ,
the angular velocity of rotor n is:
Wn = τµ−1(cn1 + cn2ε) · yˆ , W = Ωxxˆ + Ωyyˆ + Ωz zˆ
(C14)
Ω1i =
τ
µ
[(xc11 + εx
c
12) didj xˆj + (y
c
11 + εy
c
12) (δij − didj) xˆj ]
(C15)
since xˆ2 = 1, xˆ1 = xˆ3 = 0 and d3 = 1, d1 = d2 = 0 we
find that
Ω1y =
τ
µ
[(xc11 + εx
c
12)]
=
τ
8piµa3
(
1− ε
2
(a
r
)3)
+O
((a
r
)8)
(C16)
where we have taken the values for xc from [36, 37]. Note
that same result (Eq. C16) can be obtained from Faxen’s
law as given by Eq. 1 in the main text.
If the rotors are same spin, ε = +1, the hydrodynamic
interaction retards their rotation.
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FIG. 8: The angular velocity hindrance function Ψ as a
function of the rotor density φ.
3. Rotation hindrance in a binary mixture of
rotors (50% with ε = 1 and 50% with ε = −1)
The angular velocity of a rotor decreases with parti-
cle volume fraction [38]. To quantify the hydrodynamic
resistance to the intrinsic torque, the angular velocity
hindrance function is defined as Ψ = 〈|Ωy|〉/Ω0, in which
〈·〉 denote an ensemble average. Note that the applied
torques are in the y direction, as considered in the main
text. Figure 2 shows that the angular velocity hindrance
function (Ψ) monotonically decrease with the volume
fraction φ.
4. Effect of rotor shape
In this paper we concentrate on spinning spheres be-
cause we are interested in the collective dynamics of non-
aligning particles. However, our results also apply to di-
lute and semi-dilute suspensions of more complex shaped
rotors because the flow due to any rotating particle looks
like rotlet flow in the far field. Figure 9 compares the
flow field around spinning spheres and spinning four-
gears particles such as those considered by Nguyen et
al. [24]. The fluid flows generated by the gear-like spin-
ners (shown in Figure 9.b) can be approximated by a
superposition of the flows due to Stokeslets located at
the gear-ears as shown in Figure 9.a. The fluid flow gen-
erated by three rotating spheres with radii equal to the
effective radii of the gear-like spinners can be computed
by a superposition of three rotlets applied at the sphere
centers, and is shown in Figure 9.c. The fluid flow fields
in Figures 3.b and c look remarkably similar already at
one radius away from the particles, thus the leading or-
der and far-field fluid flows for a spinning particle is not
dependent on particle shape and can be reasonably ap-
proximated by the rotlet flow. Note however that the
close-contact lubrication flows are dependent on the par-
ticle shape and are very difficult to calculate for gear-like
spinners.
Appendix D: The Force Coupling Method
The multi-body hydrodynamic interactions between
the rotors are computed by the force-coupling method
(FCM) [40]. The force-coupling method is a multiscale
computational model for particle suspensions in a viscous
liquid, in which long-range multi-body interactions are
calculated by solving the Stokes equations with a trun-
cated, regularized multipole expansions and the singu-
lar lubrication interactions are accounted for by the an-
alytical solutions for near-field particle-pair interactions.
FCM has been successfully employed for the numerical
simulations of various suspension flows [22, 41, 42].
The equations of fluid motion with FCM are
∇p = µ∇2u+
Np∑
n=1
{F n∆M (rn) + (Gn ·∇)∆D(rn)} ,(D1)
∇ · u = 0, (D2)
in which Np is the number of particles, p is pressure,
µ is the fluid viscosity, u is the fluid velocity, rn is a
position vector measured from the center of a particle
rn = x−Y n, and Fi and Gij are the force monopole and
force dipole moments, respectively. The force monopole
represents a body force on the particle. The dipole mo-
ment consists of anti-symmetric Cij and symmetric Sij
parts. The couplet, Cij , corresponds to a torque on the
particle; Cij =
1
2ijkTk. The stresslet Sij is related to the
traction on the particle surface. The regularized multi-
pole terms, ∆M and ∆D, are defined as
∆M (r) =
1
(2piσ2M )
3/2
exp
(
− r
2
2σ2M
)
, (D3)
∆D(r) =
1
(2piσ2D)
3/2
exp
(
− r
2
2σ2D
)
, (D4)
in which σM = a/
√
pi, σD = a/(6
√
pi)1/3, and a is the
particle radius. Once the fluid velocity u is computed,
the translational V and angular velocities Ω are obtained
from the weighted volume integral as
Vi =
∫
ui(x)∆M (r)d
3x, (D5)
Ωi =
1
2
∫
ijk
∂uk
∂xj
(x)∆D(r)d
3x. (D6)
The force monopole and dipole moments for neutrally
buoyant particles are
Fi = F
P
i − FLi , (D7)
Gij = S
FCM
ij − CLij . (D8)
Here, F P is a potential force on the particles due to steric
or excluded volume interactions, which is modeled by
F Pij =
−6piµγ˙a2Fref
(
R2ref−|r|2
R2ref−4a2
)6
r
|r| if |r| < Rref
0 otherwise,
(D9)
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FIG. 9: (a) Three gear-like spinning particles as considered by Nguyen et.al. [24] with arrows at the gear-ears showing rotation
motion. (b) 3D fluid flow generated by the gear-like particles, obtained as a superposition of Stokeslets applied at the gear-ears.
(c) Fluid flow generated by three spherical rotating particles obtained by a superposition of three rotlets at the sphere centers.
The sphere size is the effective size of the gear-like particles shown in (b).
in which F Pij is the force on particle j by particle i,
r = Y i − Y j , Fref is a constant, and Rref is a cut-
off distance. In the present study, F P is activated if
the shortest distance between two particle surfaces () is
less than 0.002a, i.e. Rref/a = 2.001. Fref is chosen
to keep the minimum separation distance min ' 0.001a
(Fref = 200). F
L and CL are the monopole and cou-
plet coefficients from the lubrication interaction. SFCM
is the set of stresslets obtained by solving (D1) subject
to the rigid-body constraint that the total rate-of-strain
inside of a particle is zero.
Solving (D1, D2) and computing V and Ω from u,
corresponds to the following grand mobility problem,[
MFUFP
MFEFP
]
=
[R−1 +MFU −MSU
MFE −MSE
] [ FL
SFCM
]
,
(D10)
in which F is a (6Np) vector for the force and torque
FT = (F T ,T T ), and the superscript T denotes trans-
pose. The local strain rate of a particle is obtained by
Eij =
∫
eij(x)∆D(r)d
3x, (D11)
where eij = 1/2(∂jui + ∂iuj). MAB is a FCM mobility
matrix to compute a variable B from a given force A. The
FCM mobility matrix contains far-field multibody hydro-
dynamic interactions. Note that (D10) is only a symbolic
notation, as the far-field interaction is computed by solv-
ing (D1), instead of constructing the complicated multi-
body mobility matrix explicitly.
The lubrication force and torque are related to the
translational and angular velocities as FL = RU , where
UT = (V T ,ΩT ). The resistance matrix R is defined as
R =
[
RV F RΩF
RV T RΩT
]
. (D12)
Here, RAB is a resistance matrix relating A to B. The
resistance matrix is constructed in a pair-wise manner
from the exact two-body resistance matrix, subtracting
the FCM two-body resistance matrix, to account for the
lubrication forces. As FCM resolves the far-field hydro-
dynamic interaction almost exactly, |RAB | → 0 for the
center-to-center distance of a particle pair r > 0.6a. The
FCM stresslet SFCM is related to the physical stresslet
S as
SFCM = S −RUSU . (D13)
Note that, in the computation, we solve for SFCM , not S.
S for the system of particles can be calculated as a post-
processing step. [40] proposed an efficient preconditioned
conjugate gradient solver for (D10), in which the number
of floating point operations in one iteration is almost the
same as the standard FCM. For details, see Yeo & Maxey
[40].
